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Abstract In specifying a finite factor model for the term structure of interest rates,
one usually begins by modeling the dynamics of the underlying factors. In most
cases, this is sufficient to completely determine the term structure model. However, a
point that is often overlooked is that seemingly different specifications of the factor
dynamics may generate indistinguishable term structure models, in the sense that
they produce pathwise identical bond prices. Consequently, it is important to be able
to determine, at the level of factor dynamics, the conditions under which the mod-
els they generate are indistinguishable. In the case of time-homogeneous affine term
structure models (ATSMs), such conditions were first described in Dai and Singleton
(J Finance 55:1943–1978, 2000). In this paper, we formalize and extend their results to
a class of time-inhomogeneous ATSMs, and obtain a simple method for determining
the indistinguishability of these models in terms of the underlying factor dynamics.

Keywords Affine term structure models · Equivalence · Indistinguishability ·
Time-inhomogeneous extension

JEL Classification D52 · D81 · G11

1 Introduction

Affine models are prominent in the study of the term structure of interest rates due,
in large part, to their theoretical and numerical tractability. These models are usually
specified in terms of the dynamics of the underlying factors, which then completely
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264 O. K. Kwon

determine the bond prices and hence the term structure models themselves. The models
introduced, for example, in Vasic̆ek (1977), Cox et al. (1985), Chen and Scott (1992),
and Longstaff and Schwartz (1992) are examples of this approach, with a general
framework for the specification of such models established in Duffie and Kan (1996).

Given that factor dynamics completely determine the corresponding affine term
structure model (ATSM), a natural question that arises is whether or not it is possible
that different specifications of the factor dynamics define the same term structure
model, in the sense that they give pathwise identical bond prices (almost surely).
Moreover, if this is the case, then an associated question is whether or not there
exist simple criteria for establishing the equivalence of factor dynamics. For the time-
homogeneous models considered in Duffie and Kan (1996), these questions were
answered in Dai and Singleton (2000) via the so-called invariant transformations
of the factor dynamics. These are transformations on the coefficients of the factor
dynamics that leave the term structure model unchanged. However, the arguments
are somewhat imprecise, and only the sufficiency, and not the necessity, of these
transformations is established.

By considering the action of an appropriate group on the set of ATSMs, we formalize
the results of Dai and Singleton (2000) and extend their results to a class of time-
inhomogeneous term structure models that arise naturally from requiring compatibility
with any given initial forward rate curve. These include the models considered in Björk
and Hyll (2000), Brigo and Mercurio (2001), and Kwon (2007). For these models,
necessary and sufficient conditions under which different factor dynamics lead to the
same term structure model are obtained. The results are then applied to resolve a
question on the equivalence of the short rate extensions of time-homogeneous ATSMs
considered in Kwon (2004).

The importance of time-inhomogeneous ATSMs is reinforced by results in
Filipović and Teichmann (2004), which show that if a model from the Heath et al.
(1992) framework admits a finite dimensional realization in the sense of Björk and
Svensson (2001), and has the flexibility to accommodate any initial forward rate curve,
then it must necessarily be affine. A consequence of this is that tractable models from
the Heath et al. (1992) framework are precisely those that are affine. Hence, the abil-
ity to identify equivalent models, despite the apparent differences in the underlying
factor dynamics, will be useful in the investigation and the implementation of these
models.

It is remarked that we leave the associated problem of determining the canonical
representative of each equivalence class of ATSMs for future research. For time-
homogeneous ATSMs, a partial solution to this problem was given in Dai and Singleton
(2000) for models whose diffusion matrix can be transformed to a diagonal form by an
affine transformation of the state space, while conditions ensuring this were established
in Cheridito et al. (2006). For Gaussian Heath et al. (1992) models, a complete solution
to this problem was obtained in Kwon and Lai (2006). The problem remains open,
however, for the time-inhomogeneous ATSMs considered in this paper.

The remainder of this paper is organized as follows. In Sect. 2, groups and group
actions are briefly reviewed along with examples relevant for this paper. In Sect. 3,
appropriate groups and their actions on ATSMs are identified and used to estab-
lish the main results of this paper. These results are then applied in Sects. 4 and 5,
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respectively, to formalize and extend the results from Dai and Singleton (2000) for
time-homogeneous models, and to resolve a question posed in Kwon (2004). The
paper concludes with Sect. 6.

2 Groups and group actions

In this section, we give a brief review of groups and group actions, and fix some
related notation that will be required in the remainder of this paper. For further details
on groups and their actions, refer, for example, to Rotman (1995).

Definition 1 A group is a non-empty set, G, equipped with a binary operation ◦: G ×
G → G, denoted g1 ◦ g2 for g1, g2 ∈ G, satisfying the following axioms:

(G1) Associativity: g1 ◦ (g2 ◦ g3) = (g1 ◦ g2) ◦ g3 for all g1, g2, g3 ∈ G.
(G2) Existence of identity: There exists e ∈ G such that e ◦ g = g = g ◦ e for all

g ∈ G.
(G3) Existence of inverse: For each g ∈ G, there exists g−1 ∈ G such that g◦g−1 =

e = g−1 ◦ g.

If the binary operation, ◦, for a group G is clear from context, then we will omit it for
brevity and simply write g1g2, in place of g1 ◦ g2, for any g1, g2 ∈ G.

We now give examples of groups that play an important role in establishing the
equivalence of ATSMs. Throughout, let n ∈ N+.

Example 1 Let Dn(R++) = (R++)n , where R++ = {t ∈ R | t > 0}, and define the
binary operation, ◦, on Dn(R++) by

(s1, s2, . . . , sn) ◦ (t1, t2, . . . , tn) = (s1t1, s2t2, . . . , sntn), (1)

where si ti denotes the usual product in R. Then Dn(R++) is a group with e = 1n =
(1, 1, . . . , 1) and (t1, t2, . . . , tn)−1 = (t−1

1 , t−1
2 , . . . , t−1

n ).

Example 2 Let Dn(R) = R
n and define the binary operation, ◦, on Dn(R) by

(s1, s2, . . . , sn) ◦ (t1, t2, . . . , tn) = (s1 + t1, s2 + t2, . . . , sn + tn), (2)

where si + ti denotes the usual addition in R. Then Dn(R) is a group with e =
(0, 0, . . . , 0) and (t1, t2, . . . , tn)−1 = (−t1,−t2, . . . ,−tn).

Example 3 Let GLn(R) be the set of (n ×n) invertible matrices with entries in R, and
define the binary operation on GLn(R) as the standard matrix multiplication. Then
GLn(R) is a group with e the (n × n) identity matrix, and g−1 the standard matrix
inverse for any g ∈ GLn(R). The group GLn(R) is called a general linear group.
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Example 4 Let1 ALn(R) = GLn(R) × Dn(R) and define the binary operation on
ALn(R) by

(g1, λ1) ◦ (g2, λ2) = (g1g2, λ1 + g1λ2). (3)

Then ALn(R) is a group with e = (in, 0), where in is the (n × n) identity matrix, and
(g, λ)−1 = (g−1,−g−1λ). For example,

(g, λ) ◦ (
g−1,−g−1λ

) = (
gg−1, λ + g

( − g−1λ
)) = (in, 0) = e.

The group ALn(R) is called an affine group.

Definition 2 Let G be a group and let X be a non-empty set. Then G is said to act on
X if for each g ∈ G there is a map φg : X → X such that the following axioms are
satisfied:

(A1) φe = idX , where e ∈ G is the identity and idX denotes the identity map on X .
(A2) φg1◦g2 = φg1 ◦ φg2 , where ◦ on the right-hand side denotes composition of

maps.

When considering the action of a group G on a set X , we will identify g ∈ G with
the associated map φg and, for notational convenience, write gx rather than φg(x), for
any x ∈ X . All the groups given above act naturally on the vector space R

n .

Example 5 The group ALn(R) acts naturally on the set R
n by the rule

(g, λ)v = λ + gv. (4)

For example, since the identity element of ALn(R) is (in, 0), we have

(in, 0)v = 0 + in v = v

for all v ∈ R
n . It is easily verified that axiom (A2) is also satisfied by this action.

Now, let a group G act on a set X , and for any x1, x2 ∈ X , write x1 ∼ x2 if and only if
there exists g ∈ G such that x2 = gx1. Then ∼ defines an equivalence relation on X ,
and it partitions X into equivalence classes or G-orbits. We will write O(x), or OG(x)

if the group needs to be made explicit, to denote the equivalence class containing
x ∈ X . In particular, X is the disjoint union of (distinct) orbits O(x), with x ∈ X .

Example 6 For the action of ALn(R) on R
n , we have O(v) = R

n for all v ∈ R
n .

Hence, there is a single equivalence class for R
n under the action of ALn(R). However,

under the action of GLn(R) on R
n , there are two equivalence classes and R

n =
O(0) ∪ O(v), where v is any non-zero vector in R

n .

1 This is called the semidirect product of GLn(R) and Dn(R), and written GLn(R) � Dn(R) in the
mathematical literature.
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3 Equivalence of a class of time-inhomogeneous ATSMs

Fix n ∈ N, τ ∈ R+, and let (Ω,F , (Ft )t∈[0,τ ], P) be a probability basis satisfy-
ing the usual conditions and let wt = (w1

t , . . . , w
n
t ) be an (Ft , P)-Wiener process.

Throughout, let f �
0 ∈ C1[0, τ ] be a fixed initial forward rate curve and, for notational

convenience, define a subset ∆ ⊂ [0, τ ]2 by

∆ = {(t, T ) ∈ [0, τ ]2 : t ≤ T }. (5)

Although the equivalence of time-inhomogeneous ATSMs can be considered in greater
generality, we focus our attention, in this paper, to a subclass on which the results
for time-homogeneous models obtained in Dai and Singleton (2000) extend most
naturally.

Definition 3 Let f �
0 ∈ C1[0.τ ] be a fixed initial forward rate curve. Then a term

structure model m on (Ω,F , (Ft )t∈[0,τ ], P) will be said to be a non-singular n-
factor ATSM with deterministic mean reversion level and initial forward rate curve
f �
0 if it satisfies the following conditions:

(a) There is an (Ft , P)-Markov process, xt , that takes values in some subset D ⊂ R
n

with interior D◦ �= ∅, and satisfies a stochastic differential equation (sde) of the
form

dxt = κ [θ(t) − xt ] dt + σ
√

Λ(t, xt ) dwt (6)

subject to x0 = x�
0 ∈ D , where θ ∈ C0([0, τ ], R

n), κ ∈ GLn(R), σ ∈ GLn(R),
and Λ(t, xt ) = diag(a1(t) + b1 · xt , . . . , an(t) + bn · xt ) with ai ∈ C0[0, τ ] and
bi ∈ R

n .
(b) There exist α ∈ C1,1(∆) and β ∈ C1([0, τ ], R

n) such that α(T, T ) = 0 for all
T ∈ [0, τ ] and β(0) = 0, and the price of the T -maturity zero coupon bond,
Pt (T ), in m is given by

Pt (T ) = e−α(t,T )−β(T −t)·xt (7)

for all (t, T ) ∈ ∆.
(c) For any u ∈ (0, τ ], there exist 0 ≤ T1 < T2 < · · · < Tn < u such that the

matrix [β(T1) β(T2) · · · β(Tn)] is non-singular.
(d) P is a martingale measure for m.
(e) The forward rate curve,2 ft (T ), in m satisfies f0(T ) = f �

0 (T ).

The set of all such n-factor ATSMs will be denoted An,P( f �
0 ).

For notational convenience, we will identify a model m ∈ An,P( f �
0 ) with the 10-tuple

(κ, θ, σ, ai , bi , x�
0,D;α, β, xt ), and write

m = (κ, θ, σ, ai , bi , x�
0,D;α, β, xt ). (8)

2 See (9) for the definition of ft (T ).
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The models in An,P( f �
0 ) essentially have the same structure as the time-homogeneous

ATSMs considered in Duffie and Kan (1996) and Dai and Singleton (2000), except
that parameter θ is made time-dependent to allow a fit to the initial forward rate curve
f �
0 . This is analogous to the extensions of Vasic̆ek (1977) and the Cox et al. (1985)

models introduced in Hull and White (1990) to fit the initial forward rate curve.
Note that the important issues of admissibility of the factor dynamics and the posi-

tivity of interest rates have not been incorporated into the above definition. The former
refers to Λ(t, x) being positive definite for all (t, x) ∈ [0, τ ]×D , and the latter refers
to Pt (·) being a strictly decreasing function for all t ∈ [0, τ ]. These issues are inde-
pendent of the group action on An,P( f �

0 ) to be defined shortly, and once the orbits of
this group action have been determined, a representative with the desired properties,
if one exists, can be sought from each orbit.

Now, given a term structure model m on (Ω,F , (Ft )t∈[0,τ ], P) and T ∈ [0, τ ], let
ft (T ) be the T -maturity instantaneous forward rate and let rt be the short rate at time
t . Then by definition

ft (T ) = −∂T ln Pt (T ) = ∂T α(t, T ) + β̇(T − t) · xt , (9)

rt = ft (t) = −∂T ln P(t, T )|T =t = ∂T α(t, T )|T =t + β̇(0) · xt , (10)

where ∂T ln P(t, T )|T =t = limT ↓t ∂T ln P(t, T ) and similarly for ∂T α(t, T )|T =t . In
particular, (10) implies that for m ∈ An,P( f �

0 ), there exists ς ∈ C0[0, τ ] and ρ ∈ R
n

such that the short rate is of the form

rt = ς(t) + ρ · xt . (11)

The following result is well-known, but for completeness we provide a proof.

Proposition 1 Let α ∈ C1,1(∆) such that α(T, T ) = 0 for all T ∈ [0, τ ], and let
β ∈ C1([0, τ ], R

n) such that β(0) = 0. Moreover, let xt be as given in (6) with
θ ∈ C0([0, τ ], R

n). Then setting Pt (T ) according to (7) defines a term structure
model in An,P( f �

0 ) if and only if α, β and θ satisfy

∂tα(t, T ) = −ς(t) − θ(t)′κ ′β(T − t) + 1

2

n∑

i=1

ai (t)[σ ′β(T − t)]2
i (12)

for all (t, T ) ∈ ∆, where ς(t) = ∂T α(t, T )|T =t ,

β̇(T − t) = β̇(0) − κ ′β(T − t) − 1

2

n∑

i=1

[σ ′β(T − t)]2
i bi (13)
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for all t ∈ [0, τ ], and

f �
0 (T ) = ς(T ) +

T∫

0

θ(s)′κ ′β̇(T − s) ds

− 1

2

n∑

i=1

T∫

0

ai (s)∂T
[
σ ′β(T − s)

]2
i ds + β̇(0)′x�

0 (14)

for all T ∈ [0, τ ]. Here, the superscript ′ denotes matrix transpose.

Proof Suppose (7) defines a term structure model m ∈ An,P( f �
0 ) with xt as given in

(6). Then applying Itô’s lemma to Pt (T ) gives

d Pt (T ) = µP (t, T )Pt (T ) dt − β(t, T )′σ
√

Λ(t, xt ) Pt (T ) dwt ,

where

µP (t, T ) = −∂tα(t, T ) + β̇(T − t)′xt − β(T − t)′κ (θ(t) − xt )

+ 1

2

n∑

i=1

[
σ ′β(T − t)

]2
i (ai (t) + bi · xt ).

Since e− ∫ t
0 rs ds Pt (T ) are P-martingales for all T ∈ [0, τ ], it must be the case that

µP (t, T ) = rt = ∂T α(t, T )|T =t + β̇(0) · xt . (15)

Applying the “matching principle” from Duffie and Kan (1996) and equating the
coefficients on both sides of (15) gives Eqs. (12)–(13). For (14), integrating (12) from
t to T and using the condition α(T, T ) = 0 gives

α(t, T ) =
T∫

t

ς(s) ds +
T∫

t

θ(s)′κ ′β(T − s) ds

−1

2

n∑

i=1

T∫

t

ai (s)
[
σ ′β(T − s)

]2
i ds, (16)

and differentiating this equation with respect to T gives

∂T α(t, T ) = ς(T ) +
T∫

t

θ(s)′κ ′β̇(T − s) ds

−1

2

n∑

i=1

T∫

t

ai (s)∂T
[
σ ′β(T − s)

]2
i ds. (17)
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Since ft (T ) = ∂T α(t, T ) + β̇(T − t) · xt , setting t = 0 and using f0(T ) = f �
0 (T )

implies (14). Conversely, suppose α, β and θ satisfy the Eqs. (12)–(14), and let m
be a term structure model with Pt (T ) defined according to (7). Then Eqs. (12) and
(13) imply that discounted Pt (T ) are P-martingales for all T ∈ [0, τ ]. Next, since the
forward rates in m are given by ft (T ) = ∂T α(t, T ) + ∂T β(t, T ) · xt , setting t = 0
and using Eqs. (14) and (17) implies f0(t) = f �

0 (t), whence m ∈ An( f �
0 ). ��

It is clear that term structure models that give pathwise identical bond prices define
the same model. This suggests the following notion of indistinguishability for models
in An,P( f �

0 ).

Definition 4 Term structure models m1, m2 ∈ An,P( f �
0 ) will be said to be indistin-

guishable if and only if

P
[
P1

t (T ) �= P2
t (T ) | 0 ≤ t ≤ T ≤ τ

] = 0, (18)

where Pk
t (T ) is the T -maturity bond price in mk .

We now look for an appropriate group of actions on An,P( f �
0 ) whose orbits consist of

indistinguishable models. For this purpose, let

Hn = GLn(R) × C1([0, τ ], R
n) × Dn(R++), (19)

where the binary operation, ◦, for Hn is defined by

(g1, λ1(t), δ1) ◦ (g2, λ2(t), δ2) = (g1g2, λ1(t) + g1λ2(t), δ1δ2),

and the binary operation for C1([0, τ ], R
n) is the pointwise addition of functions. Note

that the identity element in Hn is (in, 0, 1n) and (g, λ, δ)−1 = (g−1,−g−1λ, δ−1).
For any (g, λ, δ) ∈ Hn and m = (κ, θ, σ, ai , bi , x∗

0 ,D;α, β, xt ) ∈ An,P( f �
0 ),

define the 10-tuple, φ(g,λ,δ)m, by

φ(g,λ,δ)m = (
gκg−1, gκ−1g−1λ̇ + λ + gθ, gσδ−1, δ2

i (ai − b′
i g

−1λ),

δ2
i (g′)−1bi , λ + gx�

0, λ + gD;α − β ′g−1λ, (g′)−1β, λ + gxt
)
,

(20)

where λ+ gD = {λ+ gx | x ∈ D}. We first show that the above rule defines an action
of Hn on An,P( f �

0 ).

Lemma 1 The map m �→ φ(g,λ,δ)m in (20) defines an Hn-action on An,P( f �
0 ).

Proof First, we need to check that An,P( f �
0 ) is closed under the action defined in

(20). So let m = (κ, θ, σ, ai , bi , x∗
0 ,D;α, β, xt ) ∈ An,P( f �

0 ) and (g, λ, δ) ∈ Hn .
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For notational convenience, let β̃ = (g′)−1β, κ̃ = gκg−1, σ̃ = gσδ−1, and b̃i =
δ2

i (g′)−1bi be the transformed quantities. Then since β satisfies (13), we have

˙̃
β(T − t) = (g′)−1β̇(T − t)

= (g′)−1

[

β̇(0) − κ ′β(T − t) − 1

2

n∑

i=1

[σ ′β(T − t)]2
i bi

]

= ˙̃
β(0) − (

gκg−1)′
(g′)−1β(T − t)

−1

2

n∑

i=1

[(
gσδ−1)′

(g′)−1β(T − t)
]2

i δ2
i (g′)−1bi

= ˙̃
β(0) − κ̃ ′β̃(T − t) − 1

2

n∑

i=1

[
σ̃ ′β̃(T − t)

]2
i b̃i ,

and so the components of φ(g,λ,δ)m also satisfy (13). The fact that α̃ = α − β ′g−1λ

satisfies (12) and x̃t = λ + gxt satisfies (6) with transformed quantities can be proved
similarly. The only remaining condition to check is whether or not φ(g,λ,δ)m is com-
patible with the initial curve f �

0 . But a straight forward, albeit tedious, calculation
shows that the transformed quantities satisfy (14), and so it follows that An,P( f �

0 ) is
closed under the Hn-action.

Next, since the identity element of Hn is (in, 0, 1n), it follows immediately from
(20) that φ(in ,0,1n) is the identify map on An,P( f �

0 ). It remains to verify that (20)
satisfies axiom (A2). First, considering the action on the second component, θ , gives

φ(g1,λ1,δ1)(φ(g2,λ2,δ2)(θ))

= φ(g1,λ1,δ1)

(
g2κ

−1g−1
2 λ̇2 + λ2 + g2θ

)

= g1

(
g2κ

−1g−1
2

)−1
g−1

1 λ̇1 + λ1 + g1

(
g2κ

−1g−1
2 λ̇2 + λ2 + g2θ

)

= (g1g2)κ
−1(g1g2)

−1(λ̇1 + g1λ̇2)+(λ1 + g1λ2)+(g1g2)θ

= φ(g1g2,λ1+g1λ2,δ1δ2)(θ)

= φ(g1,λ1,δ1)◦(g2,λ2,δ2)(θ),

and considering the action on the fourth component, ai , gives

φ(g1,λ1,δ1)(φ(g2,λ2,δ2)ai )

= φ(g1,λ1,δ1)

(
(δ2)

2
i

(
ai − b′

i g
−1
2 λ2

))

= (δ1)
2
i

(
(δ2)

2
i

(
ai − b′

i g
−1
2 λ2

)
− (δ2)

2
i b′

i g
−1
2 g−1

1 λ1

)

= (δ1δ2)
2
i

(
ai − b′

i (g1g2)
−1(λ1 + g1λ2)

)
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272 O. K. Kwon

= φ(g1g2,λ1+g1λ2,δ1δ2)ai

= φ(g1,λ1,δ1)◦(g2,λ2,δ2)ai .

Similar calculations show that (20) indeed satisfies axiom (A2). ��
The previous lemma enables us to introduce the following definition.

Definition 5 We will say m1, m2 ∈ An,P( f �
0 ) are Hn-equivalent, and write m1 ∼

m2, if and only if there exists (g, λ, δ) ∈ Hn such that m2 = (g, λ, δ)m1.

The next theorem is the key result of this paper, and establishes the fact that the notions
of indistinguishability and equivalence coincide.

Theorem 1 Let m1, m2 ∈ An,P( f �
0 ). Then m1 ∼ m2 if and only if they are indistin-

guishable.

Proof Let mk = (κk, θk, σ k, ak
i , bk

i , xk∗
0 ,Dk;αk, βk, xk

t ) for k ∈ {1, 2}. Suppose first
that m1 ∼ m2. Then there exists (g, λ, δ) ∈ Hn such that

α2 = α1 − (β1)′g−1λ, β2 = (g′)−1β1 and x2
t = λ + gx1

t .

It follows that

P2
t (T ) = e−α2(t,T )−β2(T −t)·x2

t

= eα1(t,T )−β1(T −t)·g−1λ−β1(T −t)·g−1
(
λ+gx1

t
)

= e−α1(t,T )−β1(T −t)·x1
t

= P1
t (T ),

and so m1 and m2 are indistinguishable. Conversely, suppose m1 and m2 are indistin-
guishable. Then we have

P2
t (T ) = e−α2(t,T )−β2(T −t)′x2

t = e−α1(t,T )−β1(T −t)′x1
t = P1

t (T )

P-almost surely for all t ≤ T ≤ τ . This implies that

α2(t, T ) + β2(T − t) · x2
t = α1(t, T ) + β1(T − t) · x1

t .

Setting T = t + Ti for an increasing sequence 0 ≤ T1 < T2 < · · · < Tn ≤ τ − t , and
collecting the resulting equations gives

⎛

⎜
⎝

β2(T1)
′

...

β2(Tn)′

⎞

⎟
⎠ x2

t =
⎛

⎜
⎝

α1(t, t + T1) − α2(t, t + T1)
...

α1(t, t + Tn) − α2(t, t + Tn)

⎞

⎟
⎠ +

⎛

⎜
⎝

β1(T1)
′

...

β1(Tn)
′

⎞

⎟
⎠ x1

t ,
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Since the coefficient matrices of x1
t and x2

t are invertible by property (c) in Definition 3,
it follows that x2

t = λ + gx1
t , where g ∈ GLn and λ ∈ C1([0, τ ], R

n) are given by

g =
⎛

⎜
⎝

β2(T1)
′

...

β2(Tn)′

⎞

⎟
⎠

−1 ⎛

⎜
⎝

β1(T1)
′

...

β1(Tn)
′

⎞

⎟
⎠ , (21)

λ(t) =
⎛

⎜
⎝

β2(T1)
′

...

β2(Tn)′

⎞

⎟
⎠

−1 ⎛

⎜
⎝

α1(t, t + T1) − α2(t, t + T1)
...

α1(t, t + Tn) − α2(t, t + Tn)

⎞

⎟
⎠ . (22)

In particular, x2�
0 = λ + gx1�

0 , D2 = λ + gD1, and

dx2
t = gdx1

t = g

[
κ1

(
θ1 − x1

t

)
dt + σ 1

√
Λ

(
x1

t
)

dwt

]

= g

[
κ1

(
θ1 −

(
g−1

(
x2

t − λ
)))

dt + σ 1
√

Λ
(
g−1

(
x2

t − λ
))

dwt

]

= gκ1g−1
[(

λ + gθ1
)

− x2
t

]
+ gσ 1

√
Λ

(
g−1

(
x2

t − λ
))

dwt .

It follows that κ2 = gκ1g−1, θ2 = λ + gθ1 and σ 2 = gσ 1, and it is easily verified
that a2

i = a1
i − (b1

i )
′g−1λ and b2

i = (g′)−1b1
i . Finally, since

e−α1(t,T )−β1(T −t)·x1
t = e−α1(t,T )−β1(T −t)·(g−1

(
x2

t −λ
))

= e−(α1(t,T )−β1(T −t)·g−1λ)−((g′)−1β(T −t))·x2
t ,

α2 = α1 − (β1)′g−1λ and β2 = (g′)−1β1. Hence, m2 = (g, λ, in)m1 and m1 ∼ m2
as required. ��
It should be noted that the explicit form of the Hn-action given in (20), along with
(21) and (22), now provide a simple method for checking whether or not two models
in An,P( f �

0 ) belong to the same Hn-orbit, and hence indistinguishable. An example of
this approach for establishing the indistinguishability of models in An,P( f �

0 ) is given
in Sect. 5.

It should also be noted that, since the admissibility of the factor dynamics is not nec-
essarily preserved under the Hn-action, it would be desirable to choose an admissible
representative for each orbit, if one exists.

4 Special case of non-singular time-homogeneous ATSMs

In this section, we formalize and extend the results from Dai and Singleton (2000) for
time-homogeneous ATSMs by restricting to the case where θ ∈ R

n is constant. Let
the probability basis (Ω,F , (Ft )t∈[0,τ ], P) be as defined in the previous section.
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We begin by adapting Definition 3 to the time-homogeneous setting, since it is not
possible, in general, to accommodate a given initial forward rate curve in this setting.

Definition 6 A term structure model m on (Ω,F , (Ft )t∈[0,τ ], P) will be said to be a
non-singular n-factor time-homogeneous ATSM if it satisfies the following conditions:

(a) There is an (Ft , P)-Markov process, xt , that takes values in some subset D ⊂ R
n

with interior D◦ �= ∅, and satisfies an sde of the form

dxt = κ(θ − xt ) dt + σ
√

Λ(xt ) dwt , (23)

subject to x0 = x�
0 ∈ D , where θ ∈ R

n , κ ∈ GLn(R), σ ∈ GLn(R), and
Λ(xt ) = diag(a1 + b1 · xt , . . . , an + bn · xt ) with ai ∈ R and bi ∈ R

n .
(b) There exist A ∈ C1[0, τ ] and β ∈ C1([0, τ ], R

n) such that A(0) = 0 and
β(0) = 0, and the price of T -maturity zero coupon bond, Pt (T ), in m is given
by

Pt (T ) = e−A(T −t)−β(T −t)·xt (24)

for all 0 ≤ t ≤ T ≤ τ .
(c) For any u ∈ (0, τ ], there exist 0 ≤ T1 < T2 < · · · < Tn < u such that the

matrix [β(T1) β(T2) · · · β(Tn)] is non-singular.
(d) P is a martingale measure for m.

The set of all non-singular n-factor ATSMs will be denoted An,P.

As previously, we identify m ∈ An,P with the 10-tuple (κ, θ, σ, ai , bi , x�
0,D; A, β,

xt ), and write

m = (
κ, θ, σ, ai , bi , x�

0,D; A, β, xt
)
. (25)

Note that the forward rates and the short rate for time-homogeneous ATSMs are given
by

ft (T ) = −∂T ln Pt (T ) = Ȧ(T − t) + β̇(T − t) · xt , (26)

rt = ft (t) = −∂T ln P(t, T )|T =t = Ȧ(0) + β̇(0) · xt . (27)

The following result is the time-homogeneous analogue of Proposition 1, and can be
proved similarly.

Proposition 2 Let A ∈ C1[0, τ ] and β ∈ C1([0, τ ], R
n) such that A(0) = 0

and β(0) = 0, and let xt be as given in (23). Then setting Pt (T ) according to
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(24) defines a term structure model in An,P if and only if A and β satisfy the
system of Ricatti equations

Ȧ(t) = Ȧ(0) + θ ′κ ′β(t) − 1

2

n∑

i=1

ai [σ ′β(t)]2
i , (28)

β̇(t) = β̇(0) − κ ′β(t) − 1

2

n∑

i=1

[σ ′β(t)]2
i bi (29)

on [0, τ ], where the superscript ′ denotes matrix transpose, and β satisfies condition
(c) of Definition 6.

The appropriate group of actions for An,P is Gn = ALn(R) × Dn(R++), and Gn

acts on An,P by the rule

φ(g,λ,δ)m = (
gκg−1, λ + gθ, gσδ−1, δ2

i

(
ai − b′

i g
−1λ

)
, δ2

i (g′)−1bi ,

λ + gx�
0, λ + gD; A − β ′g−1λ, (g′)−1β, λ + gxt

)
, (30)

for any (g, λ, δ) ∈ Gn and m = (κ, θ, σ, ai , bi , x�
0,D; A, β, xt ) ∈ An,P.

In analogy with Definition 5, we will say that m1, m2 ∈ An,P are Gn-equivalent, and
write m1 ∼ m2, if and only if there exists (g, λ, δ) ∈ Gn such that m2 = (g, λ, δ)m1.
This formalizes the notion of equivalence for ATSMs introduced in Dai and Singleton
(2000). The action of the subgroup ALn(R) ⊂ Gn corresponds to their invariant affine
transformations, and the action of Dn(R++) corresponds to their diffusion scalings.
They also define Brownian motion rotations and permutation of factors. However,
the former is not required in our framework since all processes are expressed with
respect to the reference Wiener process, wt , and the latter is redundant since the
permutation of the factors can be identified with the action of the permutation subgroup
of GLn(R) ⊂ ALn(R) ⊂ Gn .

Define models m1, m2 ∈ An,P to be indistinguishable if they satisfy (18) of Defi-
nition 4. Then the next theorem formalizes the results from Dai and Singleton (2000)
and extends their results by establishing the necessity of the equivalence under the
Gn-action.

Theorem 2 Let m1, m2 ∈ An,P. Then m1 ∼ m2 if and only if they are indistinguish-
able.

Proof Follows from arguments similar to the proof of Theorem 1.

We conclude this section with a simple example.

Example 7 It is well-known that the Vasic̆ek (1977) and the Cox et al. (1985) models
are distinguishable. We give a proof of a more general result using the framework
established above. Consider processes xt and yt that satisfy

dxt = κx (θx − xt ) dt + σx dwt ,

dyt = κy(θy − yt ) dt + σy
√

yt dwt ,
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where wt is the reference Wiener process. If xt and yt are factors for indistinguishable
ATSMs, then the corresponding models, mx and my can be written

mx = (
κx , θx , σx , 1, 0, x�

0,Dx ; Ax , βx , xt
)
,

my = (
κy, θy, σy, 0, 1, y�

0,Dy; Ay, βy, yt
)
,

and there must exist (g, λ, δ) ∈ G1 such that (g, λ, δ)m1 = m2. Focusing on the
fifth components, this implies 0 = δ2/g for some 0 �= g ∈ R and δ ∈ R++. This
is contraction, and it follows that xt and yt cannot be factors for indistinguishable
ATSMs.

5 Application to short rate extensions

In this section, we provide a non-trivial application of the results from Sect. 3 by consid-
ering a question posed in Kwon (2004) regarding the equivalence of the
so-called short rate extensions from An,P to An,P( f �

0 ).
Let m ∈ A2,P be a non-singular time-homogeneous ATSM with factors (xt , yt )

′
satisfying

dxt = κx (θx − xt ) dt + σx dwx
t , (31)

dyt = κy(θy − yt ) dt + σy
√

yt dw
y
t (32)

subject to x0 = x�
0 and y0 = y�

0, where wt = (wx
t , w

y
t )′ = (w1

t , w
2
t ) is the standard

2-dimensional (Ft , P)-Wiener process, and suppose that the short rate in m be given
by rt = xt + yt . Now, consider models mx , my ∈ A2,P, with

mx = (gx , 0)m and my = (gy, 0)m, (33)

so that mx ∼ m ∼ my , where

gx =
[

1 0
1 1

]
and gy =

[
0 1
1 1

]
. (34)

More explicitly, mx is driven by factors (xt , rt ) that satisfy

d

[
xt

rt

]
=

[
κx 0

κx − κy κy

] ([
θx

θx + θy

]
−

[
xt

rt

])
dt

+
[
σx 0
σx σy

] [√
1 + (0, 0)(xt , rt )′ 0

0
√

0 + (−1, 1)(xt , rt )′
]

dwt (35)
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subject to x0 = x�
0 and r0 = x�

0 + y�
0, and my is driven by factors (yt , rt ) that satisfy

d

[
yt

rt

]
=

[
κy 0

κy − κx κx

] ([
θy

θx + θy

]
−

[
yt

rt

])
dt

+
[

0 σy

σx σy

] [√
1 + (0, 0)(yt , rt )′ 0

0
√

0 + (1, 0)(yt , rt )′

]
dwt (36)

subject to y0 = y�
0 and r0 = x�

0 + y�
0.

Given any initial forward rate curve, f �
0 ∈ C0[0, τ ], time-homogeneous extensions

of mx and my compatible with f �
0 , called short rate extensions, were introduced in

Kwon (2004). These are models, m̄x , m̄y ∈ A2,P( f �
0 ), in which only the second

component of θ was made time dependent. That is, m̄x is driven by factors (x̄t , r̄ x
t )

that satisfy

d

[
x̄t

r̄ x
t

]
=

[
κx 0

κx − κy κy

] ([
θx

θ x
r (t)

]
−

[
x̄t

r̄ x
t

])
dt

+
[
σx 0
σx σy

] [√
1 + (0, 0)(x̄t , r̄ x

t )′ 0
0

√
0 + (−1, 1)(x̄t , r̄ x

t )′

]
dwt (37)

subject to x̄0 = x�
0 and r̄ x

0 = x�
0 + y�

0, and m̄y is driven by factors (ȳt , r̄ y
t ) that satisfy

d

[
ȳt

r̄ y
t

]
=

[
κy 0

κy − κx κx

] ([
θy

θ
y
r (t)

]
−

[
ȳt

r̄ y
t

])
dt

+
[

0 σy

σx σy

] ⎡

⎣

√
1 + (0, 0)(ȳt , r̄ y

t )′ 0

0
√

0 + (1, 0)(ȳt , r̄ y
t )′

⎤

⎦ dwt (38)

subject to y0 = y�
0 and r̄ y

0 = x�
0 + y�

0. A conjecture regarding m̄x and m̄y in Kwon
(2004) was that m̄x and m̄y are distinguishable despite the fact that m1 and m2 are
indistinguishable. The next results shows that this is indeed the case in general.

Proposition 3 Suppose that either θ x
r or θ

y
r is not constant. Then the short rate

extensions m̄x and m̄y defined above are distinguishable.

Proof By Theorem 1, it suffices to show that m̄x and m̄y are not Hn-equivalent.
Assume first that θ x

r is not constant, and suppose that m̄x ∼ m̄y . Then there exist
(g, λ, δ) ∈ Hn such that m̄y = (g, λ, δ)m̄x . Considering the action of (g, λ, δ) on σ x

gives

g =
[ −δ2 δ2
δ1 − δ2 δ2

]
and g−1 = 1

δ1δ2

[ −δ2 δ2
δ1 − δ2 δ2

]
= 1

δ1δ2
g.

Next, considering the action on ax
1 gives

1 = ay
1 = δ2

1

(
ax

1 − (0, 0)g−1λ(t)
)

= δ2
1ax

1 = δ2
1,
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which implies δ1 = 1. Considering the action on ax
2 gives

0 = ay
2 = δ2

2(0 − (−1, 1)g−1λ(t)) = −δ2
2(−1, 1)g−1λ(t),

and so if we let µ(t) = (µ1(t), µ2(t))′ = g−1λ(t), then µ1(t) = µ2(t). Finally,
considering the action on θ x gives

g(κ x )−1g−1λ̇(t) + λ(t) + gθ x = θ y .

Rearranging this equation and setting µ(t) = g−1λ(t) gives

µ̇(t) = κ x (g−1θ y − θ x − µ(t)),

and since µ1(t) = µ2(t), this implies (1,−1)κ x (g−1θ y − θ x − µ(t)) = 0. That is,

κy(1,−1)

[
δ−1

1 (θ
y
r (t) − θy) − θx − µ1(t)

δ−1
1 θ

y
r (t) + (δ−1

2 − δ−1
1 )θy − θ x

r (t) − µ1(t)

]

= κy(θ
x
r (t) − θx − δ−1

2 θy) = 0

for all t ∈ [0, τ ], whence θ x
r = θx + δ−1

2 θy is constant. But this is a contradiction. The
case where θ

y
r is not constant is treated similarly. ��

6 Conclusion

In this paper, we examined the factor dynamics for a class of time-inhomogeneous
ATSMs, and obtained the necessary and sufficient conditions under which they define
the same term structure model. By considering the action of an appropriate group on the
set of ATSMs, the results from Dai and Singleton (2000) were formalized and extended
to a class of time-inhomogeneous ATSMs, and a simple criterion for establishing the
equivalence of the factor dynamics was obtained in terms of the equivalence under
the group action. The results were then applied to confirm a conjecture made in Kwon
(2004) regarding the short rate extensions of time-homogeneous models .
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